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MONODROMY OF PROJECTIONS OF HYPERSURFACES
MARIA GIOIA CIFANI, ALICE CUZZUCOLI, AND RICCARDOMOSCHETTI
ABSTRACT. Let X be an irreducible, reduced complex projective hy-
persurface of degree d . A point P not contained in X is called uni-
form if the monodromy group of the projection of X from P is iso-
morphic to the symmetric group Sd . We prove that the locus of non–
uniform points is finite when X is smooth or a general projection of
a smooth variety. In general, it is contained in a finite union of linear
spaces of codimension at least 2, except possibly for a special class of
hypersurfaces with singular locus linear in codimension 1. Moreover,
we generalise a result of Fukasawa and Takahashi on the finiteness of
Galois points.
1. INTRODUCTION
This paper aims at studying the monodromy group of projections of
irreducible and reduced complex projective hypersurfaces. Several ac-
counts of this study, in particular in the case of projective curves, can
be found in literature. The classical Uniform Position Principle due to
Castelnuovo, in the formulationofHarris [Har82], canbeapplied to show
that themonodromy group of a general projection of a curve is the sym-
metric group. It has been proved in [GN95, GM98, GS07] that the mon-
odromy group of an indecomposable projection of a general curve of
genus greater than 3 is either the symmetric or the alternating group.
More recently, all the monodromy groups of projections of a smooth
planar curve of degree smaller or equal than 5 have been classified (see
[MY00, Miu02, Yos01]).
This paper is motivated by the work of Pirola and Schlesinger [PS05], in
which the authors consider themonodromy group of projections of any
irreducible reduced projective curve. In our case, we fix a hypersurface
X ⊂ Pn+1 of degree d and we consider all its natural linear projections
πP from a point P /∈ X . We classify such source points by means of the
monodromy group of the associated projection. Our final goal is a char-
acterisation of the locus of points for which the associated monodromy
group is strictly contained in the symmetric group Sd .
Definition 1.1. The point P is called uniform if M (πP )
∼= Sd and non–
uniformotherwise. WedenotebyW (X ) the locusofnon–uniformpoints
of X .
Specifically, we are interested in two classes of non–uniformpoints: a
point P ∈W (X ) is called Galois if the field extension associated with the
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map πP is a Galois extension. A point P ∈W (X ) is called decomposable
if the projection πP is decomposable, i.e. if it factors via twomorphisms
of degree greater than 1. The loci of Galois and decomposable points
are denoted by G (X ) andD(X ), respectively.
The non–uniform locus W (X ) is constructible and a first step in or-
der to understand its structure is to compute its dimension. The Uni-
form Position Principle extends to hypersurfaces by taking general hy-
perplane sections: indeed, for any irreducible, reduced hypersurface
X ⊂ Pn+1 we have dimW (X ) < n + 1. This bound is far from optimal.
Thecaseof curveshasbeensolvedbyPirola andSchlesinger: in thework
[PS05], the authors proved that the locus of non–uniform points associ-
atedwith projections of an irreducible reduced plane curve is finite. The
case of surfaces in P3 has been partially covered in [CMS17], where it is
proved that the locus of non–uniform points of a smooth surface in P3
is finite. All these bounds are optimal.
Themain result of this paper describes a property of the locus of non–
uniform points for projective hypersurfaces:
Theorem1.2. Let X be an irreducible, reduced hypersurface of Pn+1, n ≥
2. ThenW (X ) is contained in a finite union of linear spaces of codimen-
sion 2 in Pn+1, unless X sing is the union of at least 2 components isomor-
phic to Pn−1. In this case,W (X )must be a union of rational curves, lying
in the intersection of the tangent cones to points in X sing.
Cones over planar curves which admit non–uniform points give ex-
amples of hypersurfaces X for whichW (X ) has codimension 2 (see Ex-
ample 4.5). The possibility of W (X ) being a union of rational curves
seems unlikely, and its discussed in Remark 4.10. As a consequence of
themain result, we give in Proposition 4.7 a bound on the dimension of
the locus of non-uniformpoints for smooth varieties; in particular, such
locus is finite for smooth hypersurfaces.
Theorem 1.3. Let X be a smooth, complex projective hypersurface of di-
mension n in Pn+1. Then the locus of non–uniform points is finite.
The primary tool in the proofs is the theory of focal loci of families of
lines in Pn+1, a classical topic dating back to Segre ([Seg88]). For our spe-
cificproblem, weprove a generalisationof [CF11, Proposition 4.3] andof
[DP01, Lemma 2], described in Lemma 3.7 and Lemma 3.8, respectively.
We also use the focal machinery to give a property of themonodromy
group whenW (X ) is infinite and X is not a cone.
Theorem1.4. If dimW (X )> 0 and X is not a cone, then themonodromy
groupassociatedwithall butfinitelymanypoints ofW (X ) contains trans-
positions.
As a consequence of this result, we can give a characterisation of the
two loci G (X ) andD(X ). Galois points have been introduced and exten-
sively studied in various works, for instance [Yos03, FT14, Fuk13, Fuk14]
MONODROMY OF PROJECTIONS OF HYPERSURFACES 3
to name a few. These works were particularly focused on computing
the number of Galois points. Yoshihara givesmany examples of smooth
hypersurfaces X with non-empty G (X ) in [Yos03, Proposition 11] (see
also [FT14] for more general examples in case of normal hypersurfaces).
We give a generalisation of a result of Fukasawa and Takahashi ([FT14,
Proposition 6]).
Proposition 1.5. Let X be an irreducible, reduced hypersurface in Pn+1
of degree d ≥ 3. Then G (X ) is finite unless X is a cone.
Decomposable maps were studied in many different contexts as in
[BCDP14, BCFS19]. A consequence of Theorem 1.4 is that the caseW (X )
of positive dimension when X is not a cone depends only on the locus
D(X ).
Proposition 1.6. Let X be an irreducible, reduced hypersurface in Pn+1
which is not a cone. ThenW (X )rD(X ) is finite.
Notice that for all hypersurfaces X having prime degree, the locus
D(X ) is empty. These results serve as evidence of the following:
Conjecture 1.7. Let X be an irreducible, reduced hypersurface of Pn+1,
n ≥ 1. Then the locusW (X ) is finite unless X is a cone.
Planof thepaper. In Section2,we recall somebasicdefinitionswhich
will be useful in the following. The theory of focal loci, which is themain
technical tool used in this paper, is introduced in Section 3. The main
results in this context are Lemma 3.7 and Lemma 3.8. The first part of
Section 4 is devoted to the proof of Theorem 1.2 about non–uniform
points, followed by the consequences concerning general projections
of smooth varieties. The second part contains the study of families of
simply tangent lines passing throughW (X ) (see Theorem 1.4) and their
relationship with G (X ) andD(X ). We conclude the paper by summaris-
ing our results in light of Conjecture 1.7, this is done in Remark 4.10.
Notation. From now on, the varieties are assumed to be complex and
projective. Let F be a family of objects parametrised by a scheme V .
We say the general element ofF satisfies a certain property P if P holds
for every element in a Zariski dense open subset of V . We will use the
notation G(r,Pn ) for the Grassmannian parametrising linear spaces of
projective dimension r contained in Pn . We denote by X sing the singular
locus of a variety X and by X sm its complement.
2. PRELIMINARIES
2.1. Projections. In this section we will briefly recall some results use-
ful for various proofs in Section 4.
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2.2. Monodromy. Wecandefine themonodromygroupof afinite dom-
inantmorphism f : X → Y of degreed > 1 between complex irreducible
reduced hypersurfaces in Pn+1 as follows. LetU ⊂ Y be a Zariski open
set over which f is étale, and let y denote a point inU . We have a well
definedmap
µ :π1(U , y )→ Aut
 
f −1(y )

.
The imageM (f ) := µ
 
π1(U , y )

is called monodromy group of the map
f ; it is a transitive subgroup of Aut(f −1(y ))≃ Sd .
We can also describe this group by means of Galois extensions: let K
be the Galois closure of the extension k (X )/k (Y ), where k (X ),k (Y ) de-
fine the fields of rational functions of X and Y , respectively. Define the
Galois groupG (f ) of themap f to be the Galois group of the field exten-
sion K /k (Y ). It turns out that G (f ) is isomorphic toM (f ), see [Har79,
Section I]. It follows thatM (f ) does not depend on the choices ofU and
y .
2.3. Projections. Let X ⊂Pn+c be a smooth variety of dimension n . Let
T be a linear subspace of dimension t ≤ c −1 such that T ∩X = ;. Con-
sider the finitemap defined by the natural linear projectionπT : X → P
n .
The following theorem is the algebraic version of a result of Mather in
[Mat73], which provides a powerful tool in order to understand singu-
larities arising from projections. We will apply it in Proposition 4.6 and
4.7, for t = c −2 and t = c −1, respectively.
Theorem 2.1. [ABO01, Theorem 1] Let X and T as above. For any i1 ≤
t + 1, define X i1 := {x ∈ X | dim(TxX ∩T ) = i1 − 1}. When X i1 is smooth,
define X i1,i2 := {x ∈ X i1 | dim(TxX i1∩T ) = i2−1} and so on. When possible,
define X i1 ,...,ik for ik ≤ . . . ≤ i2 ≤ i1. For T general, every X i1,...,ik is smooth
and, when not empty, its codimension is positive, see [AO92, Theorem 2]
for details.
We recall here the definition of projective cone and the statement of
Bertini’s Theorem.
Definition 2.2. [Har95, Ex 3.1] Let Γ ∼= Pk be a linear subspace in Pn+1
and let Y ⊂ Γ be a variety. Let V ∼= Pn−k be a linear subspace disjoint
from Γ . The cone over Y of vertex V is a variety in Pn+1 defined as the
union of the lines joining the vertex V with points of Y .
The notion of cone will be used in Lemma 3.8 and in Theorem 1.4 in
conjunctionwith thenotionof dual variety. An introduction to this topic
can be found in [Tev03].
Theorem2.3. [Laz04, Theorem 3.3.1]Let X be an irreducible variety and
f : X → Pr a morphism. Fix an integer d < dim f (X ). If L ⊂ Pr is a
general (r −d )-plane, then f −1(L ) is irreducible.
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Whendealing with a projective hypersurface X , themap f as defined
in Theorem 2.3 above is the inclusion X ,→ Pn+1. Moreover, we can fix
a point Q in Pn+1 r X and chose a general (n + 1 − e )-plane L (where
e < dimX ) passing through Q . Then the result still holds for X ∩ L by
following the same lines of the proof and applying the following.
Lemma 2.4. [Laz04, Lemma 3.3.2] Let p : Y → S be a dominant mor-
phism between irreducible complex varieties. Assume that p admits a
section s : S → Y whose image does not lie in the singular locus of Y .
Then the fibre Yb := p
−1(b ) is irreducible for any general point b ∈ S.
For what concerns the monodromy group, we have the following ver-
sion of Bertini-type theorem.
Lemma 2.5. Let X be an irreducible variety in Pn+1 of dimension n ≥ 2.
Let H be a general linear subspace of codimension k ≥ 1, and XH the
section of X cut by H . Then, for a point P ∈H such that P /∈ X , we have
XH
πP |XH


 i
// X
πP

P
k 
 i
// P
n .
As a consequence we have
M (πP |XH )≤M (πP ).
2.4. Families of tangent lines. This section is devoted to the study of
families of lines that are tangent to a hypersurface. We will briefly go
through some preliminaries to highlight the aspects related to our prob-
lem; for a more general introduction see for instance [Zak93].
Consider a reduced, irreducible hypersurface X ⊂ Pn+1 of degree d
and a line l * X . The intersection X ∩ l consists of a finite number of
points P1, . . . ,Pk countedwithmultiplicitiesm1, . . . ,mk such that
∑
mi =
d .
We recall some terminology that is useful to characterise the family of
lines with respect to the hypersurface.
Definition 2.6. We call the contact order of l with X at Pi the number
mi − 1, and we denote it by ordPi (l ∩ X ). The line l is transverse to X at
Pi if ordPi (l ∩ X ) = 0, and tangent to X at Pi if ordPi (l ∩ X ) ≥ 1. In the
case of higher contact order, i.e. ordPi (l ∩ X ) ≥ 2, we say that the line l
is asymptotic tangent to X at Pi . The line l is called bitangent to X at
two points Pi 6= Pj , if l is tangent to X at both points Pi ,Pj . We say that
l is a simple tangent if there is a unique tangent point Pi ∈ l ∩ X with
ordPi (l ∩X ) = 1 and l is transverse to X for all the other Pj 6= Pi in l ∩X .
Notice that if we take a singular point in X , then all the lines passing
through it will be at least simply tangent.
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Definition 2.7. [Har95, Lecture 20] Consider an hypersurface X and a
point P ∈ X . Choose an affine neighborhood of P where P is the origin.
In this neighborhood, X is described by a certain polynomial f := fm +
fm+1 + · · · , where fk is homogeneous of degree k , andm is the smallest
integer such that fm is not vanishing. The tangent cone to X at the point
P is the hypersurface described by the polynomial fm .
2.5. Branch locus. Let X be a reduced and irreducible hypersurface in
P
n+1 of degree d , and πP : X → P
n be the projection from a point P /∈ X
and let y be a point in Pn . The fibre over y is defined by the setπ−1
P
(y ) =
{P1, . . . ,Pk} consisting of k ≤ d distinct points. This set corresponds to
the set-theoretical intersection of X with the line through P and y .
Definition2.8. Wecall classical branch locus ofπP the locusB of points
y ∈ Pn such that the cardinality of the fibre π−1
P
(y ) is strictly lower than
d .
The image via πP of X
sing is contained in the classical branch locus,
since any line passing through X sing is tangent to X . We want to relate
the branch locus of πP to the lines in P
n+1 for which the tangency order
is greater than the order of the general line in Pn+1. To this end, con-
sider the normalisation map ν : X˜ → X , and its composition φ with the
projection πP :
φ =πP ◦ν : X˜ →P
n .
Let y be a general point of an irreducible component ofB and let l be
the 0 dimensional subscheme of X obtained by cutting X with the line
〈P, y 〉. Thus, its pullback to X˜ is given by l˜ = m1x1 + . . .+mt xt , where
d ≥ t ≥ k and
∑t
i=1
mi = d . The image of the singular locus of X˜ viaφ is
in codimension 2 inPn . As y is chosen to be general, the points x1, . . . , xt
are smooth in X˜ .
Definition 2.9. An irreducible component ofB is called a branch com-
ponent if the fibre on X˜ of a general point y has at least a (necessarily
smooth) point xi withmi ≥ 2. The union of all the branch components
is called the branch locus of πP . We will denote it by BP . Moreover, we
can define the branching weight of a point y in the branch locus as
b (y ) :=
t∑
i=1
(mi −1)≥ 1.
We say that y ∈ BP is a simple branch point if b (y ) = 1.
There is a relationship between the branching weight and the permu-
tation type of the corresponding element in Sd via themonodromymap.
In particular, simple branch points correspond to transpositions in the
monodromy group, see [Har79, Section II.3]. The following lemma is
proved in [Mir95, Lemma 4.6]. We report its statement in the particular
case of projections by using the notation introduced before.
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Lemma2.10. Consider the projection πP of a irreducible reduced planar
curve X from a point P /∈ X . Let y be a point of BP . The cycle structure of
the permutation representing a small loop around y in the monodromy
group is (m1, . . . ,mt ), where the mi are defined as above.
3. FOCAL LOCI OF A FAMILY OF LINES
In this section we discuss some special families of lines related to our
hypersurfacewhichwill be important for their relationshipwith themon-
odromygroup. Werefer the reader to [Har77, Chapter III.9]and to [Ser06,
Chapter4.6.7] forbackgroundmaterial about families of algebraic spaces.
LetX be a flat family of closed subschemes of Pn+1 parametrised by a
integral base scheme S . This can be described by the following diagram,
where themap i is the inclusion and p ,q are the projections on the first
and second factor respectively:
X
p |X
 f $$
❍
❍
❍
❍
❍
❍
❍
❍
❍

 i
// S ×Pn+1
q

S Pn+1.
Definition 3.1. The kernel of the differential d f defines a sheafF over
X and it is called focal sheaf. The locus F (X ), i.e. the support of the
sheaf, is called the focal scheme or, more classically, focal locus.
From now on we will consider only the case in whichX is a family of
lines in Pn+1. We can think of S as a subscheme of the Grassmannian
G(1,Pn+1). The familyX can be interpreted via themap f as the subset
of the points in Pn+1 of the corresponding lines.
Definition 3.2. The family X of lines in Pn+1 over the base S is called
filling family if the dimension ofS isn and themap f = i ◦q is dominant.
The focal locusF (l s ) restricted to a general line l s of the familyX is
where the following map has not maximal rank
O ⊕n
ls
∼= TS ,s ⊗Ols →Nls |Pn+1
∼=Ols (1)
⊕n
LetX be a filling family of lines in Pn+1, so that dimX = n . Assume
X is locally parametrised by S := S (u1, . . . ,un ). The line l s correspond-
ing to a point s ∈ S can be described by the intersection of n distinct
hyperplanes
(1) l s := {a1(s ) · x = . . .= an (s ) · x = 0}.
Here x = (x0 : . . . : xn+1) is the vector of the coordinates inP
n+1 andai (s ) =
(ai (s )0 : . . . : ai (s )n+1) determines the i-th hyperplane. We will denote by
∂ukai (s ) j the partial derivative of ai (s ) j with respect to the variable uk ,
and inductively for high order derivatives ∂uk ,ulai (s ) j , and so on. In the
following we will omit the dependency on s , by writing for instance just
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∂uiai for the vector (∂uia1(s )0 : . . . : ∂uiai (s )n+1). With this notation, the
equation of the focal locus on the line l s is
(2) det


(∂u1a1) · x · · · (∂una1) · x
...
...
(∂u1an ) · x · · · (∂unan ) · x

= 0,
together with the equations in (1).
Lemma 3.3. [CF11, Proposition 4.3] LetX be a filling family of lines in
P
n+1 and let s ∈ S be a general point of the base. Then the focal locus in
the fibre l s consists of n points counted with the rightmultiplicity as root
of Equation (2).
Definition3.4. A point P in Pn+1 is called fundamental for the familyX
if there is a subfamilyX ′ of lines all passing through it. The fundamental
locus is the subset of Pn+1 of fundamental points.
The following facts on fundamental points are well known, and their
origins date back to Segre, in the work [Seg88]:
Lemma 3.5. Consider a filling family of lines in Pn+1 and assume there
is a subfamilyX ′ of lines all passing through a point P . If the dimension
of the base ofX ′ is k , then P is a focus of multiplicity k .
The number of lines of a familyX through a general point of Pn+1 is
classically called the order of the familyX .
Proposition3.6. [DP01, Proposition 2.7]LetX be a filling family of lines
in Pn+1 of order 1. Then, the focal locus coincides with the fundamental
locus.
We now prove two results on the fundamental locus of particular fill-
ing families of lines in Pn+1 that we will use later. The following result is
a generalisation of parts (a) and (c) of Proposition 5.1 in [CF11].
Lemma 3.7. Consider a filling family X of lines in Pn+1 and an irre-
ducible reduced hypersurface X . Assume the general l ∈ X tangent to
X at a general point P . Then P is a focus on l . Moreover, if the contact
order of l with X at P is at least 2, then P is a focus with multiplicity at
least 2 on l .
Proof. We can assume that the hypersurface X is parametrised locally
aroundP by the sameS whichparametrises the familyX , soP := P (u1, . . . ,un ).
Moreover we can choose a1 to define the tangent plane to X at P . So we
have
a1 ·P = a1 · (∂u1P ) = . . .= a1 · (∂unP ) = 0.
By taking partial derivatives and by using the previous relations, we get
(3) (∂u1a1) ·P = . . .= (∂una1) ·P = 0.
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It immediately follows that P satisfies Equation (2), and so is a focus on
l independently of the choices of the other n −1 hyperplanes.
Notice that the line l is tangent to X , so we can assume l to be explic-
itly parametrised as follows:
(4) l :=

P +λ∂u1P
	
.
Assume now that the contact order of l with X at P is at least 2, hence
we get
a1 · (∂u1,u1P ) = 0.
For any hyperplane {b · x = 0} passing through P and containing l , we
have that b · (∂u1P ) = 0 from Equation (4), and hence, by taking deriva-
tives, we get that
(5) (∂u1b ) ·P = 0.
We can choose other n −1 independent vectors b2, . . . ,bn in P
n+1 and
the hyperplanes bi · x = 0, defined by passing through P and containing
l . Hence, such line is given by the equations:
(6)

a1 · x = b2 · x = . . .= bn · x = 0
	
,
and the focal scheme on l is described by Equation (2).
NowwecanuseEquation (4) to express the focal schemeas a function
of the parameter λ. Moreover, if we consider Equation (3) and Equation
(5), we get a simplified form for our matrix:
(7) det


0 λ(∂u2a1) · (∂u1P ) · · · λ(∂una1) · (∂u1P )
λ(∂u1b2) · (∂u1P ) · · · · · · · · ·
...
...
λ(∂u1bn ) · (∂u1P ) · · · · · · · · ·

= 0.
Lemma 3.3 guarantees that the determinant is not identically zero
whenever l is a general element of the family. Such a determinant is
given by λ2 ·α(λ) = 0, where α is a polynomial depending on λ. Hence
the point P is a focus of multiplicity at least 2.
In the proof of Theorem 1.2 we will have to deal also with a family of
lines obtained by joining a curve and a variety of codimension 2. At this
purpose we generalise [DP01, Lemma 2] to higher dimension.
Lemma3.8. Let F be a codimension 2 subvariety ofPn+1, andC * F be a
curve not contained in a Pn−1. Assume that the familyX of lines joining
C and F is filling. Then F is linear andC is rational. If C ∩ F = ;,C is
also linear. Otherwise, F meets C in deg(C )−1 points.
Proof. In this proof we will follow [DP01], in particular we will denote
the cone of vertex V over Y by χY ,V . We also refer to it for the notations
and preliminaries about Schubert cycles. The points of X sing are fun-
damental, hence by Proposition 3.6 and Lemma 3.3, the focal locus has
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codimension exactly 2. We can apply [DP04, Theorem2.1] and conclude
that the order ofX must be 1. Let d1 and d2 be the degree of C and F ,
respectively. Assume first that C ∩ F 6= ;, and let m be the number of
lines through a general point P passing through C ∩ F . The cone χC ,P
has dimension 2 and degree d1, while the cone χF,P has dimension n
and degree d2. They intersect in d1d2 lines through the point P , and we
know that one of these lines belongs to the family X . Notice that this
line does not pass through C ∩ F by construction. Therefore, we have
that m = d1d2 − 1. Now consider the cone χC ,Q , where Q is a general
point of C , which has degree d1 − 1. Recall that the general line of X
meets C (resp. F ) at a single point and those are the only focal points
on the line. The cone χC ,Q is not contained in the cone χQ ,F of degree
d2, since otherwise the lines secant toC will intersect F , and hence will
all be composed of focal points. As before, the intersection of the two
cones gives d2(d1 − 1) lines through Q meeting C ∩ F : if one of these
lines meets C and F in distinct points, then all the line would be focal.
Therefore, we have thatm = d2(d1−1). Summing up, d2d1−1= d2d1−d2
which gives that d2 = deg(F ) = 1.
Weare leftwith the caseC ∩F = ;. By following thenotationof [DP01],
letM (F ) be the family of lines in Pn+1 meeting F . It is a codimension 1
family inG(1,Pn+1), hence it can be written as
M (F ) = d2σ1,0.
In the same way, letM (C ) be the family of lines meetingC . It is a codi-
mension n −1 family inG(1,Pn+1), hence it can be written as
M (C ) =
k∑
t=0
a tσn−1−t ,t = a0σn−1,0+ . . .+akσn−1−k ,k ,
where k = ⌊n−12 ⌋. The complementary cycle of σn−1−t ,t with t > 0 is
σn−t ,t+1, which gives a family of lines contained in a P
n−t . However,
a general Pn−t , t ≥ 1, does not intersect the curve C , hence M (C ) ·
σn−t ,t+1 = a t = 0 for t > 0. The complementary cycle of σn−1,0 is σn ,1,
which gives a family of lines contained in a Pn passing through a general
point. A general hyperplane cuts C in d1 points and the lines passing
through them are lines of M (C ) contained in this hyperplane. Hence
M (C ) reduces to d1σn−1,0. The filling familyX is given by the intersec-
tion ofM (F ) andM (C ). Pieri’s formula gives
M (F ) ·M (C ) = d1d2(σn ,0+σn−1,1),
saying that through a general point of Pn+1 pass d1d2 lines ofX . By our
assumption, d1 = d2 = 1, i.e. both C and F are linear. The proof of the
rationality ofC follows the same lines of [DP01, Theorem 0.7].
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4. THE LOCUS OF NON–UNIFORM POINTS
The first part of this section is devoted to the proof of Theorem 1.2.
We will apply all the focal machinery developed in the previous section
to the following family.
Definition 4.1. Let V be the family inG(1,Pn+1) composed by the lines
l such that one of the following cases occurs:
(C1) The line l is bitangent or asymptotic tangent to X sm;
(C2) The line l passes throughapoint ofX sing and is tangent to apoint
of X sm;
(C3) The line l intersects X sing in more than one point;
(C4) The line l is in the tangent cone to X at a point in X sing, see Defi-
nition 2.7.
IfY is a variety in Pn+1we define VY the subfamily ofV of lines through
Y .
Notice that thanks to Lemma 2.10, the family of lineswhich generates
the monodromy of non–uniform points is contained in VW (X ).
Lemma 4.2. Let X be a irreducible, reduced hypersurface in Pn+1, and
let Q ∈W (X ) be a non–uniform point. Then, the base parametrising the
family VQ has dimension n −1 in the GrassmannianG(1,n +1).
Proof. For n = 1, [PS05, Proposition 2.5] guarantees that a non–uniform
point must have at least two non–simple tangent lines passing through
it. We proceed now by induction. Assume that the claim is true for a
hypersurface of dimX = n − 1 and prove it for the case dimX = n . By
contradiction, assume that the dimension of the base of VQ is smaller
than n − 1. Take a general hyperplane H in Pn+1 passing throughQ ; by
Bertini’s Theorem, the sectionX ∩H is irreducible and reducedsinceQ /∈
X . The hyperplane H meets the family VQ in a subfamily parametrised
by a base of dimension strictly lower than n −1, but this contradicts the
induction hypothesis.
Lemma 4.3. Let C ⊂ W (X ) be an irreducible curve not contained in a
linear space of codimension 2. Then the family VC is filling.
Proof. Wewant to show thatVC is a family whose base space has dimen-
sion n and the map VC → P
n+1 of Definition 3.2 is dominant. For ev-
ery choice ofQ ∈ C , the dimension of the base of VQ is n − 1 thanks to
Lemma 4.2. Every line in VC belongs to the cone VQ for a certainQ ∈C ,
so the dimension of the base of VC is n .
If the map VC → P
n+1 of Definition 3.2 was not dominant, then the
union of all the VQ would be contained a finite union of divisors in P
n+1.
For a generalQ ∈C , VQ is the union of cones over Vj ∩X with vertexQ .
Let us consider Vj := V for a j ∈ {1, . . . , r }. The cone VQ = V
′
Q
for every
Q ,Q ′ ∈ C and we will just write V ∼= VQ for everyQ ∈ C . We claim that
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V is linear. Consider a general line l passing through a general point
T ∈C and not contained in V . IfV were not a hyperplane, there should
be at least a point Z ∈ V ∩ l , Z 6= T . By hypothesis, V is the cone over
V ∩X with vertex T . The line 〈Z ,T 〉 with Z ∈ V is contained in V . This
is a contradiction. Hence V is linear.
As a consequence, the curveC must be contained in the intersection
ofH1, . . . ,Hk , so we have to rule out the case in which k = 1. A general P
2
passing through a general pointQ ofC will intersect X in an irreducible,
reduced curve. The hyperplanes Hi intersect this last P
2 in lines which,
togetherwith some transposition coming from lines outside theHi ’s, are
generators of the monodromy group πQ . Recall that the product of all
the generators is the identity: if k = 1, themonodromy group πQ will be
generated just by the transpositions outside the Hi ’s. However this can
not happen, as the pointQ is not uniform. Consequently, theremust be
at least two generators coming from theHi , hence k > 1.
The problem of finding a bound on the dimension ofW (X ) for planar
curves has been completely solved in [PS05]:
Theorem 4.4. [PS05, Theorem 3.5, r = 2] Let X ⊂ P2 be an irreducible
curve. Then the locus of non–uniform points is finite.
Notice that by subsequently taking general hyperplane sections (see
Lemma 2.5), Theorem 4.4 implies that the codimension ofW (X )must
be at least 2. We want to prove that this locus of codimension at least
2 must also be contained in a finite union of linear spaces. We are now
ready for the proof of the main result of this paper.
Proof of Theorem 1.2. Let us assume that there exists a component of
W (X ) not contained in a linear space of codimension 2. Consider an
irreducible curve C ⊂ W (X ) with the same property. We now want to
apply the focal machinery to the family VC . The hypothesis of Lemma
4.3 are satisfied, so we know thatVC is filling. Let us proceed with a case
by case analysis.
The general element of VC belongs to Case (C1). We claim that the
general l is tangent to a general point of X . Indeed, if it would not be
true, there would be a divisor Y ⊂ X sm such that the family VC of lines
tangent to X would be the join of Y andC . Therefore,C would be con-
tained in the tangent hyperplane TyX for every y ∈ Y . Reasoning as in
Lemma 4.3, C would be contained in a linear space of codimension 2,
that is a contradiction.
If l is an asymptotic tangent line to a general point P ∈ X , then it is
a focal point with multiplicity 2; if l is bitangent at two distinct points
then both of them are focal points for l (see Lemma 3.7).
The general element of VC belongs to Case (C2).
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As for the previous case, we can assume that the point in l is tangent
to a general point in X sm, so the tangency point is a focus by Lemma 3.7,
while a point in l ∩X sing is focal by Lemma 3.5.
The general element of VC belongs to Case (C3). The family VC con-
sists of lines passing through at least two points of X sing and intersect-
ing W (X ). Hence, there is a one–dimensional subfamily of lines of VC
through every point in X sing. By Lemma 3.5, the points in l ∩ X sing are
focal points for l , each of multiplicity 1.
In each of the previous cases, the focal locus of l has multiplicity at
least 2 in points where l is tangent to X . Moreover, l passes through
a point of C and, by construction, for every such point there is a n − 1
dimensional subfamily of VC . Therefore, this point is a focus for l as
well, itsmultiplicity beingn−1 by Lemma 3.5. Note that the general line
meets C in a point outside X . Thus, we have at least n + 1 focal points
in a general line l of the filling family VC . But this is a contradiction
because of Lemma 3.3, as the focal locus in a general line of a filling
family of lines in Pn+1 consists of n points counted with multiplicity.
The general element of VC belongs to Case (C4). Having found a
contradiction in all the previous cases, we can assume that (C4) is the
only case occurring for a general element of VC . In this case, a general
l ∈ VC belongs to the tangent cone to X at a point x in X
sing. As a con-
sequence, C must be contained in the intersection of all the tangent
cones to points in X sing. The family VC is compose by lines joining C
and X sing. Recall that we are still assuming C not contained in a linear
space of codimension 2, hence VC is filling. By applying Lemma 3.8, we
get that C is rational, X sing is linear and meets C in deg(C )− 1 points.
There could be only a finite number of curvesC ⊂W (X ) satisfying these
properties. Therefore, the dimension of W (X ) must be at most 1. The
image of X sing under the projection from a point is a linear subspace of
P
n and, by Lemma 2.10 gives generators of themonodromy group of the
projection which are not transpositions. Moreover, we are assuming to
be only in the case (C4), so X sing must split in at least two linear spaces,
in order to have a non–uniformmonodromy.
We remark that the only obstruction to prove thatW (X ) is always con-
tained in a linear space of codimension 2 comes from the case (C4). No-
tice that the case of W (X ) being a finite union of linear space of codi-
mension 2 can actually happen, as shown in the following example.
Example 4.5. Fix an irreducible and reduced curve C ⊂ Pn+1 contained
in a plane H ∼= P2 and consider a linear space V of dimension n − 2
disjoint from H . Let X be the cone on C with vertex V . Assume that
Q is a non–uniform point for C in H . We claim that every point in the
line 〈Q ,V 〉 is non–uniform for X : just notice that the linear projection
from the vertex induces an isomorphism from the generalP2 toH which
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sends X ∩ P2 to C . In a similar flavour, cones provide an example of
irreducible, reduced X ⊂ Pn+1 withW (X ) being a finite union of Pk , k =
1, . . . ,n −1.
As a consequence of themain theorem, we are able to prove the finite-
ness of W (X ) for many hypersurfaces. As a generalisation of Theorem
1.1 in [CMS17] we have Theorem 1.3. We prove it more generally by ob-
taining the analogous of [PS05, Theorem 3.5] in higher dimension. Con-
sider a smooth, irreducible variety X˜ of dimension n in Pn+c , c ≥ 1. We
can define themonodromy groupM (πL ) associated with the projection
from a linear space L ∈ G(c − 1,Pn+c ). Our next step is to study the di-
mensionofW (X˜ ). We startwithprojecting X˜ to ahypersurfaceX ⊂ Pn+1,
and to studyW (X ).
Proposition 4.6. Let X˜ be a smooth irreducible projective variety of di-
mension n in Pn+c and X the projection of X˜ from a general linear sub-
spaceM ⊂Pn+c of dimension c −2. Then, the locusW (X ) is atmost finite.
Proof. Assume W (X ) is not finite and let C be one of its components.
Theorem 2.1 implies that the tangent cone to X at a general point in
X sing is a finite union of hyperplanes. By following the proof of Theorem
1.2 we have thatW (X ) is always contained in the intersection of two dif-
ferent tangent cones to X . As a consequence, in this caseC must always
be contained in a linear space of codimension 2.
Denote by K ∼= Pk the smallest linear subspace of Pn+1 containing
C and consider the family of hyperplanes H ∼= Pk+1 containing K . We
claimthat thegeneralH in this family cutsX in a reduciblehypersurface.
If that were not true,W (X ∩H )would span a space of codimension 1 in
H , which contradicts Theorem 1.2. Notice that X ∩H cannot be non–
reduced for a general H by Bertini’s Theorem 2.3, since we assumed X
to be non–reduced.
Notice that X ∩H is the linear projection fromM of X˜ ∩〈H ,M 〉. The
variety X˜ ∩〈H ,M 〉must be reducible aswell as the projection is a contin-
uousmap. So 〈H ,M 〉 gives a family of hyperplanesPk+c−1whose general
member cuts X˜ in a reducible variety. The base locus in X˜ of this family
is obtained by intersecting X˜ with Γ := 〈K ,M 〉. We are assuming that
the general section on X˜ obtained from a general element of this linear
system is reducible, thus contradicting Lemma 2.4. Therefore, the base
locus must consist of singular points. Since X˜ is smooth, the only pos-
sibility is that Γ is tangent to X˜ . This contradicts Theorem 2.1: as we
assumed M general, Γ ∩ X˜ is contained in one of the smooth varieties
X i1,...,ik (in the notation of Theorem 2.1).
As a consequence of this proposition, we can reason as in [PS05, The-
orem 3.5] and show the following
Proposition 4.7. Let X˜ be a smooth irreducible complex projective vari-
ety of dimensionn inPn+c , c ≥ 1. The locus of non–uniform (c −1)-planes
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L not intersecting X˜ has codimension at least n +1 in the Grassmannian
G(c −1,Pn+c ).
Proof. We will follow the proof of [PS05, Theorem 3.5]. When c = 1 we
know from Proposition 4.6 that all but finitely many points P ∈Pn+1r X˜
are uniform. Now assume c ≥ 2. After projecting from a general (c − 2)-
subspace M , we get X ⊂ Pn+1
M
, where Pn+1
M
parametrises all the (c − 1)-
planes L containingM . Notice that projecting X˜ to Pn from L is equiv-
alent to projecting X to Pn from the point in Pn+1
M
corresponding to L .
Proposition 4.6 applied to X gives dimW (X )≤ 0.
Assumeby contradiction thatW (X˜ )has codimension atmostn in the
GrassmannianG(c −1,Pn+c ). In this case there would be an irreducible
subvariety D of codimension at most n such that the general L ∈ D is
non–uniform, i.e. every L ∈ D rZ is non–uniform for a proper Zariski
closed subset Z . We claim that for a general elementM ∈G(c −2,Pn+c ),
the dimension of (D r Z ) ∩ Pn+1
M
is greater than zero. Notice first that
D ∩Pn+1
M
is at least one-dimensional: D has codimension at most n in
G(c −1,Pn+c ) and Pn+1
M
is n +1 dimensional. Secondly, we have that
dim(Z ∩Pn+1
M
)< dim(D ∩Pn+1
M
).
This implies that there exist infinitely many non–uniform such planes L
containing a generalM ∈G(c −2,Pn+c ), but this would give dim(X ) > 0,
which contradicts Proposition 4.6.
Remark 4.8. The same argument of [PS05, Remark 3.6] shows that the
bound in Proposition 4.7 is sharp. There are singular varieties X for
which there exist points x /∈ X such that the projection πx : X ⊂ P
n+c →
P
n+c−1 is non-birational onto the image. If this is the case, a (c −1)-plane
L containing suchan x is non–uniformbecause themapπL factorises in
a non-trivial way. Thus, the family of the (c −1)-planes passing through
x is a family consisting of non–uniformelements inG(c−1,Pn+c )of codi-
mension n +1.
We now focus on the case in whichW (X ) is not finite. Transpositions
play a fundamental role in determining if a point is uniform or not, see
[PS05, Remark 2.2]. This motivates Theorem 1.4, in which as in the case
(C1) of 1.2, we apply Lemma 3.7 to show that if dimW (X ) > 0 and X is
not a cone, then the monodromy group associated with all but finitely
many points ofW (X ) contains transpositions.
Proof of Theorem 1.4. Consider the familyX of lines in Pn+1 tangent to
X at smooth points and passing through a curveC insideW (X ).
In order to prove thatX is filling, notice thatX is composed by lines
lying on hyperplanes tangent to X and passing through C . Let X ∗ ⊂
(Pn+1)∗ be the dual variety of X ; let r be the dimension of X ∗. If X is
not a cone, by [Tev03, Theorem 1.25] we have that X ∗ is not contained
in a hyperplane. Consider the family of hyperplanes in (Pn+1)∗ dual to
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the points of C . The general hyperplane of this family intersects X ∗ in
a locus of dimension r − 1. Moreover, every point of X ∗ is contained in
one of such hyperplanes, providing that the tangent hyperplane to X at
a general point pass through the general point ofC . As a consequence,
for the general Q ∈ C we have a r − 1 dimensional family of tangent
hyperplanes to X . The general member of this family is tangent to X
along a subvariety of dimensionn−r . Every line joiningQ and thisn−r
subvariety is tangent to X .
This is enough to prove that the familyX is filling: the dimension of
the family is the right one. ThemapX →Pn+1 is dominant because the
hyperplanes tangent to X passing trough C are tangent at the general
point of X , soX cannot degenerate as in the proof of Lemma 4.3.
If we assume that the general line ofX is not simply tangent to X , we
get a contradiction by using Lemma 3.3, as in the proof of Theorem 1.2.
As a consequence, if X is not a cone, we can find simple tangent lines
to X passing through all but finitely many points of W (X ). Such lines
correspond to transpositions in the monodromy group.
From Theorem 1.4 we get Proposition 1.5, that is a generalization of
[FT14, Proposition 6] on Galois points.
Proof of Proposition 1.5. Following thenotationof [FT14], denoteby∆′(X )
the locus of Galois points associated with X . Clearly, ∆′(X ) ⊂ W (X ). If
we assume ∆′(X ) to be an infinite set and X not a cone, Theorem 1.4
shows the existence of transpositions in the monodromy group associ-
ated with a general pointQ in∆′(X ). As a consequence, the field exten-
sion given by πQ is not Galois, and this contradicts our initial hypothe-
sis.
Recall that ifM (πP ) is isomorphic to the full symmetric group then the
projection πP is indecomposable. The converse also holds if we require
M (πP ) to contain a transposition (see [PS05, Remark 2.2]). Hence we
have Proposition 1.6.
Proof of Proposition 1.6. LetQ be a general point inW (X ). By Theorem
1.4 the monodromy group M (πQ ) contains a transposition. Hence the
projection πQ must be a decomposable map.
Remark 4.9. Notice that this is enough to prove Conjecture 1.7 for all hy-
persurfaces X having primedegree. Indeed,πP : X → P
n is indecompos-
able for every P /∈ X because otherwise, the degree of an intermediate,
not birational map would divide d .
There are two classes of hypersurfaces which could potentially pro-
vide a counterexample for Conjecture 1.7:
Type-1: Hypersurfaces X in Pn+1, where every component of X sing in
codimension 1 is linear, and such that the intersection of all the tangent
cones at points in X sing is a finite union of rational curves.
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Type-2: Hypersurfaces X in Pn+1 such that there exists a Pk (0 < k < n),
where X ∩Pk+1 is reducible for every Pk+1 ⊃ Pk . Cones are a particular
case of X of Type-2.
Remark 4.10. We have that if X is neither of Type-1 nor of Type-2, then
W (X ) is finite. The proof mimics the steps of Proposition 4.6: if X is not
of Type-1 we can apply Theorem 1.2 to get that thatW (X )⊂ Pn−1; if X is
not of Type-2 either, we can apply Lemma 2.5.
While examples of hypersurfaces of Type-1 and Type-2 do exist, we
werenot able tofindanyvarietywith an infinitenumberofnon–uniform
points that is not a cone. We plan to study these cases in a future work.
ACKNOWLEDGEMENTS
R.M. is supportedbyMIUR:Dipartimenti diEccellenzaProgram(2018-
2022) -Dept. ofMath. Univ. of Pavia. Wewould like to thankGianPietro
Pirola for introducing us to the problem and the different techniques in-
volved; we also thank him for all the help he gave us during the prepara-
tion of this paper. We are also grateful to Ciro Ciliberto for constructive
discussions about how to generalise some result concerning focal loci
to a higher dimension. We benefit from many helpful discussions with
Thomas Dedieu, Enrico Schlesinger and Lidia Stoppino.
REFERENCES
[ABO01] A. Alzati, E. Ballico, and G. Ottaviani. The theorem of Mather on generic
projections for singular varieties. Geom. Dedicata, 85(1-3):113–117, 2001.
[AO92] A. Alzati and G. Ottaviani. The theorem ofMather on generic projections in
the setting of algebraic geometry.Manuscripta Math., 74(4):391–412, 1992.
[BCDP14] F. Bastianelli, R. Cortini, and P. De Poi. The gonality theorem of Noether for
hypersurfaces. J. Algebraic Geom., 23(2):313–339, 2014.
[BCFS19] F. Bastianelli, C. Ciliberto, F. Flamini, and P. Supino. Gonality of curves on
general hypersurfaces. J. Math. Pures Appl. (9), 125:94–118, 2019.
[CF11] C. Ciliberto and F. Flamini. On the branch curve of a general projection of a
surface to a plane. Trans. Amer. Math. Soc., 363(7):3457–3471, 2011.
[CMS17] A. Cuzzucoli, R. Moschetti, and M. Serizawa. Non-uniform projections of
surfaces in P3. Le matematiche, LXXII, 2017.
[DP01] P.DePoi.Onfirst order congruences of lines ofP4with a fundamental curve.
Manuscripta Math., 106(1):101–116, 2001.
[DP04] P. De Poi. Congruences of lines with one-dimensional focal locus. Port.
Math. (N.S.), 61(3):329–338, 2004.
[FT14] S. Fukasawa and T. Takahashi. Galois points for a normal hypersurface.
Trans. Amer. Math. Soc., 366(3):1639–1658, 2014.
[Fuk13] S. Fukasawa. Complete determination of the number of Galois points for a
smooth plane curve. Rend. Semin. Mat. Univ. Padova, 129:93–113, 2013.
[Fuk14] S. Fukasawa. Automorphism groups of smooth plane curves withmany Ga-
lois points. Nihonkai Math. J., 25(1):69–75, 2014.
[GM98] R. M. Guralnick and K. Magaard. On the minimal degree of a primitive per-
mutation group. J. Algebra, 207(1):127–145, 1998.
18 MARIA GIOIA CIFANI, ALICE CUZZUCOLI, AND RICCARDOMOSCHETTI
[GN95] R. M. Guralnick and M. G. Neubauer. Monodromy groups of branched cov-
erings: the generic case. In Recent developments in the inverse Galois prob-
lem (Seattle, WA, 1993), volume 186 of Contemp. Math., pages 325–352.
Amer. Math. Soc., Providence, RI, 1995.
[GS07] R. M. Guralnick and J. Shareshian. Symmetric and alternating groups as
monodromy groups of Riemann surfaces. I. Generic covers and covers with
many branch points. Mem. Amer. Math. Soc., 189(886):vi+128, 2007. With
an appendix by Guralnick and R. Stafford.
[Har77] R. Hartshorne. Algebraic geometry. Springer-Verlag, New York-Heidelberg,
1977. Graduate Texts in Mathematics, No. 52.
[Har79] J. Harris. Galois groups of enumerative problems. Duke Math. Journal,
46(4):685–724, 1979.
[Har82] J. Harris. Curves in projective space, volume 85 of Séminaire de Mathéma-
tiques Supérieures [Seminar onHigherMathematics]. Presses de l’Université
de Montréal, Montreal, Que., 1982. With the collaboration of David Eisen-
bud.
[Har95] J. Harris. Algebraic geometry, volume 133 ofGraduate Texts in Mathematics.
Springer-Verlag,NewYork, 1995. Afirst course, Corrected reprint of the1992
original.
[Laz04] R. Lazarsfeld. Positivity in algebraic geometry. I, volume 48 of Ergebnisse der
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in
Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series
of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004. Classical
setting: line bundles and linear series.
[Mat73] J. N. Mather. Generic projections. Ann. of Math. (2), 98:226–245, 1973.
[Mir95] R. Miranda. Algebraic curves and Riemann surfaces, volume 5 of Graduate
Studies in Mathematics. American Mathematical Society, Providence, RI,
1995.
[Miu02] K. Miura. Field theory for function fields of plane quintic curves. Algebra
Colloq., 9(3):303–312, 2002.
[MY00] K. Miura and H. Yoshihara. Field theory for function fields of plane quartic
curves. J. Algebra, 226(1):283–294, 2000.
[PS05] G. P. Pirola and E. Schlesinger. Monodromyof projective curves. J. Algebraic
Geom., 14(4):623–642, 2005.
[Seg88] C. Segre. Un’ osservazione sui sistemi di rette degli spazi superiori. Rendi-
conti del Circolo Matematico di Palermo, Tomo II:148–349, 1888.
[Ser06] E. Sernesi. Deformations of algebraic schemes, volume 334 of Grundlehren
derMathematischenWissenschaften [Fundamental Principles ofMathemat-
ical Sciences]. Springer-Verlag, Berlin, 2006.
[Tev03] E. A. Tevelev. Projectively dual varieties. J. Math. Sci. (N.Y.), 117(6):4585–
4732, 2003. Algebraic geometry.
[Yos01] H. Yoshihara. Function field theory of plane curves by dual curves. J. Alge-
bra, 239(1):340–355, 2001.
[Yos03] H. Yoshihara. Galois points for smooth hypersurfaces. J. Algebra,
264(2):520–534, 2003.
[Zak93] F. L. Zak. Tangents and secants of algebraic varieties, volume 127 of Transla-
tions of Mathematical Monographs. AmericanMathematical Society, Provi-
dence, RI, 1993. Translated from the Russian manuscript by the author.
MONODROMY OF PROJECTIONS OF HYPERSURFACES 19
(M.G.C.) DEPARTMENT OF MATHEMATICS ’F. CASORATI’, UNIVERSITY OF PAVIA, VIA
FERRATA 5, 27100 PAVIA, ITALY
E-mail address: mariagioia.cifani01@universitadipavia.it
(A.C.) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WARWICK, COVENTRY, CV4
7AL, WARWICKSHIRE, ENGLAND
E-mail address: a.cuzzucoli@warwick.ac.uk
(R.M) DEPARTMENT OF MATHEMATICS ’F. CASORATI’, UNIVERSITY OF PAVIA, VIA FER-
RATA 5, 27100 PAVIA, ITALY
E-mail address: riccardo.moschetti@unipv.it
